We prove that the convergence of a sequence of functions in the space L 0 of measurable functions, with respect to the topology of convergence in measure, implies the convergence μ-almost everywhere (μ denotes the Lebesgue measure) of the sequence of rearrangements. We obtain nonexpansivity of rearrangement on the space L ∞ , and also on Orlicz spaces L N with respect to a finitely additive extended real-valued set function. In the space L ∞ and in the space E Φ , of finite elements of an Orlicz space L Φ of a σ-additive set function, we introduce some parameters which estimate the Hausdorff measure of noncompactness. We obtain some relations involving these parameters when passing from a bounded set of L ∞ , or L Φ , to the set of rearrangements.
Introduction
The notion of rearrangement of a real-valued μ-measurable function was introduced by Hardy et al. in [1] . It has been studied by many authors and leads to interesting results in Lebesgue spaces and, more generally, in Orlicz spaces (see, e.g., [2] [3] [4] [5] ). The space L 0 is a space of real-valued measurable functions, defined on a nonempty set Ω, in which we can give a natural generalization of the topology of convergence in measure using a group pseudonorm which depends on a submeasure defined on the power set ᏼ(Ω) of Ω (see [6, 7] and the references given there). In the second section of this note we study rearrangements of functions of the space L 0 . The rearrangements belong to the space T 0 ([0,+∞)) of all real-valued totally μ-measurable functions defined on [0,+∞). We extend to this setting some convergence results (see, e.g., [3, 5] ). Precisely, we prove that the convergence in the space L 0 implies the convergence μ-almost everywhere of rearrangements. Moreover, by the convergence in L 0 of a nondecreasing sequence of nonnegative functions, we obtain the convergence in measure of the corresponding nondecreasing sequence of rearrangements. In the third section we introduce, in a natural manner, the space L ∞ as the closure of the subspace of all simple functions of L 0 with respect to the essentially supremum norm. The space L ∞ so defined is contained in L 0 , and we prove nonexpansivity of rearrangement on this space. In the last section we obtain nonexpansivity of rearrangement on Orlicz spaces L N of a finitely additive extended real-valued set function.
We recall (see [8] ) that for a bounded subset Y of a normed space (X, · ) the Hausdorff measure of noncompactness γ X (Y ) of Y is defined by γ X (Y ) = inf ε > 0 : there is a finite subset F of X such that Y ⊆ ∪ f ∈F B X ( f ,ε) , (1.1) where B X ( f ,ε) = {g ∈ X : f − g ≤ ε}.
In sections 3 and 4 we introduce, respectively, a parameter ω L∞ in L ∞ and a parameter ω EΦ in the space E Φ of finite elements of a classical Orlicz space L Φ of a σ-additive set function. By means of these parameters, we derive an exact formula in L ∞ and an estimate in E Φ for the Hausdorff measure of noncompactness. Then as a consequence of nonexpansivity of rearrangement we obtain inequalities involving such parameters, when passing from a set of functions in L ∞ , or in L Φ , to the set of rearrangements. We denote by N, Q, and R the set of all natural, rational, and real numbers, respectively.,
Rearrangements of functions and convergence in the space L 0
Let Ω be a nonempty set and R Ω the set of all real-valued functions on Ω with its natural Riesz space structure. Let Ꮽ be an algebra in the power set ᏼ(Ω) of Ω and let η : ᏼ(Ω) → [0,+∞] be a submeasure (i.e., a monotone, subadditive function with η(∅) = 0). Then
where {| f | > a} = {x ∈ Ω : | f (x)| > a} and where inf ∅ = +∞ defines a group pseudonorm on R Ω (i.e., 0 0 = 0,
the space of all real-valued Ꮽ-simple functions on Ω; hereby χ A denotes the characteristic function of A defined on Ω. By L 0 := L 0 (Ω,Ꮽ,η) we denote the closure of the space 
are said to be equal η-almost everywhere, and is used the notation
and is used the notation
Observe that a function f ∈ R Ω is an η-null function if and only if
Observe that η f = η | f | and η f may assume the value +∞. In the next proposition, we state some elementary properties of the distribution function η f (see [2, Chapter 2] ).
Proof. Let f ,g ∈ L 0 and h ∈ L 0 be an η-null function such that g = f + h. Let I and J denote the intervals {λ ≥ 0 : η f (λ) = +∞} and {λ ≥ 0 : η g (λ) = +∞}, respectively. We start by proving that μ(I) = μ(J). Assume μ(I) = μ(J) and μ(I) < μ(J). Then I ⊂ J and μ(J\I) > 0. Denoted by int(J\I) the interior of the interval J\I, we have η g (λ) = +∞ and η f (λ) < +∞ for each λ ∈ int(J\I). Fix λ 1 ∈ int(J\I) and λ 2 > 0 such that λ 1 + λ 2 ∈ int(J\I). By property (ii) of Proposition 2.3, we have 
e., which gives the assert.
Observe that, when (Ω,Ꮽ,ν) is a totally σ-finite measure space and η = ν * , the distribution function η f of f ∈ L 0 is right continuous (see [2] ). In our setting this is not true anymore, as the following example shows. 
Throughout, without loss of generality, we will assume that the distribution function η f of a function f ∈ L 0 is right continuous, which together with Proposition 2.4 yields
Clearly, by the above assumption on
The thesis follows by proving that l = 0. Assume l > 0 and choose a function
Fix λ > l + max Ω |s| and put
The following proposition contains some properties of rearrangements of functions of L 0 . The proofs of (i)-(iv) (except some slight modifications) are identical to that of [2] for rearrangements of functions of a Banach function space, and we omit them.
and a ∈ R. Then f * is nonnegative, decreasing, and right continuous. Moreover,
Proof. Clearly f * is nonnegative and decreasing. We prove that f * is right continuous. Fix t 0 ≥ 0 and assume that lim t→t
. To complete the proof, suppose that f * (0) = +∞, and assume that lim t→0 + f 
1). In
On the other hand, since t < η f (λ 0 ), by the definition of f * , we obtain f * (t) > λ 0 which is a contradiction. The same proof breaks down if f * (0) < +∞ and λ < f
Moreover, by the second part of the property (ii) of Proposition 2.8, it follows that η f ( f * (0)) = 0 and then η f (λ) = 0 for all λ ≥ f * (0). This completes the proof.
(ii) is an immediate consequence of (i).
The next theorem states two well-known convergence results (see, e.g., [5 The remainder of this section will be devoted to extend these convergence results to the general setting of the space L 0 . We need the following lemma.
Proof. Let λ > 0 be a point of continuity of η f and assume η fn (λ) η f (λ)
Suppose I 1 is infinite and let k ∈ I 1 . Consider the sets 12) and this is a contradiction since f n − f 0 → 0. The proof is similar in the case the set I 2 is infinite. The second part of the proposition follows analogously.
Proof. Let t 0 > 0 be a point of continuity of f * and assume f * n (t 0 ) f * (t 0 ). Then there are ε 0 > 0 and a subsequence (
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Put
Either I 1 or I 2 is infinite. Let h > 0 such that
which by Lemma 2.11 is a contradiction. The second implication follows similarly. 
nondecreasing sequence of nonnegative functions and
f n − f 0 → 0. Then |η fn − η f | 0 → 0.
Proof. Assume by contradiction |η
Then using the same notations and considerations similar to that of Lemma 2.11, we find
which is a contradiction since f n − f 0 → 0.
Theorem 2.14. Let f n , f ∈ L 0 (n = 1,2,...) be such that { f n } is a nondecreasing sequence of nonnegative functions and
Proof. The proof, using Lemma 2.13, is analogous to the proof of Theorem 2.12.
We remark that if { f n } is a sequence of elements of the space T 0 (Ω), Theorem 2.14 yields (ii) of Theorem 2.10.
Nonexpansivity of rearrangement in the space L ∞
We introduce the notion of essentially boundedness, following [10] . For f ∈ R Ω , set
then · ∞ defines a group pseudonorm on R Ω , for each submeasure η on ᏼ(Ω). We recall that, if ν is a finitely additive extended real-valued set function on an algebra Ꮽ ⊆ ᏼ(Ω) and η = ν * , the space L ∞ (Ω,Ꮽ,ν) of all real-valued essentially bounded functions introduced in [10] is defined by
In our setting it is natural to define a space L ∞ (Ω,Ꮽ,η) of all real-valued essentially bounded functions as follows.
Moreover, f 0 = 0 if and only if f ∞ = 0. In the remainder part of this note we will identify functions f ,g ∈ R Ω for which f − g 0 = 0. Then (L 0 , · 0 ) and (L ∞ , · ∞ ) become an F-normed space (in the sense of [11] ) and a normed space, respectively.
Proposition 3.2. Let ν be a finitely additive extended real-valued set function on an algebra
Consider the real function g on Ω defined by g = f on Ω\A and by 
, by the definition of the function f * , we obtain f
Our next aim is to prove nonexpansivity of rearrangement on L ∞ . We need the following two lemmas.
where η(A) = 0 and |s 1 (x) − s 2 (x)| ≤ ε for all x ∈ Ω\A. It suffices to prove that
for all x ∈ Ω\A, where s ε = |s| + ε. In fact, from this and from property (iv) 
Analogously we obtain s(x) ≤ |s 2 (x)| ≤ s ε (x) for x ∈ Ω\A, and the lemma follows. 
for each i ∈ {1, ...,n}. Set
for each i ∈ {1, ...,n}. Define the simple function
Then for each i ∈ {1, ...,n} and for each
. Now consider the simple function ϕ defined by
Then a direct computation shows that
for all x ∈ Ω\A, where
As h and k are both η-null functions, from the property (iv) of Proposition 2.8 it follows that ϕ * ≤ f * ≤ ϕ for n = 2,3,.... Then for each n we have t n = s n χ [1/n,1) , s n − t n = nχ [0,1/n) , and |s n − t n | 0 = 1/n. On the other hand, since s * n = s n and t * n = n−1
The following inequality between the Hausdorff measure of noncompactness of a bounded subset M of L ∞ and that of M * is an immediate consequence of nonexpansivity of rearrangement on L ∞ .
The following example shows that there is not any constant c such that
In order to obtain a precise formula for the Hausdorff measure of noncompactness in the space L ∞ , we consider for any bounded subset M of L ∞ the following parameter: 
Nonexpansivity of rearrangement in Orlicz spaces L N
In this section, as a particular case of [6] (see also [13] ), we consider Orlicz spaces L N of finitely additive extended real-valued set functions defined on algebras of sets. The space L N has been introduced in [6] in the same way as Dunford and Schwartz [9, page 112] define the space of integrable functions and the integral for integrable functions, and generalize the Orlicz spaces of σ-additive measures defined on σ-algebras of sets. As in the previous sections, Ω is a nonempty set and Ꮽ is an algebra in ᏼ(Ω). Let ν : 
In the following if Ω = [0,+∞), Ꮽ is the σ-algebra of all Lebesgue measurable subsets of [0,+∞) and
In order to consider rearrangements of functions of L N to any function s = n i=1 a i χ Ai in S(Ω,Ꮽ), we associate the simple function s : [0,+∞) → R defined by
We immediately find s N = |s| N and s * = (s) * .
Proof. An easy computation shows
Therefore, we obtain Hence f N = | f * | N and this proves the lemma.
We omit the proof of nonexpansivity of rearrangement on L N , which is analogous to that of Theorem 3.6, when we use the above lemma. Now let Ω be an open bounded subset of the n-dimensional Euclidean space R n (with norm · n ), and let Ꮽ be the σ-algebra of all Lebesgue measurable subsets of Ω and η = μ * . Now we assume that Φ is a Young function and we consider the space E Φ of finite elements of the Orlicz space L Φ generated by Φ. In this situation, we introduce a parameter ω EΦ to estimate the Hausdorff measure of noncompactness.
Recall that Φ is a By L Φ (Ω) we denote the Orlicz space generated by Φ, that is,
We equip L Φ (Ω) with the Luxemburg norm
By E Φ (Ω) we denote the space of finite elements, that is,
